
Hindko )

Overview : Hilbert E - module is kind of

a generalization of a Hilbert

space :

• have a Cl -
valued inner product

• Cl acts on vectors

replace a by an arbitrary E - algebra

Defy Let A be a
C

't
- alg .

An

innerproduct-A-module.fiis a complex vector space

such that÷X4za¥= ( Ma = x Ha )

with an A - valued inner - product :
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E :
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DEI: An inner - prod A - module which is

complete with respect to its norm is

called a Hilbert A - module ( or a

-

Hilbert E - module over A ) .

-

C- X :

-
. Hilbert a - modules are Hilbert spaces

•
a C 't

- algebra A acting on itself

is a Hilbert A - module :
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• Mmm ( E ) is a Hilbert Mnla) - Modules
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each Ei is a

Hilker A - module

if each Ei -

- A
,

then Ha = ¥
,

A
.

LI Let A -

- Cleo , is)
,

F  = { FEA I Hol -
- o } E A

By definition
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then Ftt = A .
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DEI: A Hilbert A - module

-

is called full if

the ideal

I -
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is dense in A .



Maps between Hilbert C
*

- modules
-

Let E
,

F be Hilbert A - modules
.

Define LIE ,
F ) to be the set of all

maps t : E  → F for which there

is a map t
't

: F  → E such that

Ctx , y ) e

= ( x
, y )

e
( XEE

, y
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(these are called the adjoin table operators)

⇒ t is A - linear and bounded

I exercise )

Note : Bounded t Linear # Adjoin table

A- - Cleo .is )

i : F -3 A bounded and linear

but has no  adjoint .

Facts :
. t ELLE ,F) ⇒ t
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• s c- LIF ,
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a )

• LIE ) :  -
- LIE ,

E ) is a E - algebra
with adjoint



For XEE
, y EF define O

×
, ,
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These

are
"

rank I
" operators .

EI With A as a Hilbert A- module
,
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is the identity operator .
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Note:
. K CE) is a closed too -

sided ideal in LIE )

• KH ) is not ( in several ) compact as

operators on a Banach space .
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,
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From A - linearity : t (a) -
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-

Riesz representation theorem for Hilbert A- module

Let E be a Hilbert A - module
,

fix xe E

define t ×
: C-  → A ( a

, b) =a*b

txy = L x , y )

tx has an adjoint :
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is actually in KLE ,
A )
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• tx E K ( GA) whenever x=za*

• use fact that EA -
- { xalxc-E.ae A} EE

is dense in E
.

• every
element of KLE ,

A ) is of

this form I exercise ) .
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